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Abstract

Dualcube is an interconnection networks that has
hypercube-like structure with the capacity to hold much
more nodes than the conventional hypercube with the same
number of links per node. The motivation of using dualcube
as an interconnection network is to mitigate the problem
of increasing the number of links in the large-scale hyper-
cube network while keeps most of the topological proper-
ties of the hypercube network. In this paper, we focus on
the design of efficient algorithms for routing and numerical
operations on dualcube such as prefix computation, vector-
matrix and matrix-matrix multiplications. Our results show
that the routing and the basic numerical computations can
be done on dualcube almost as fast as those on hypercube.

1. Introduction

The binary hypercube has been widely used as the in-
terconnection network in a wide variety of parallel systems
such as Intel iPSC, the nCUBE [4], the Connection Machine
CM-2 [9], and SGI Origin 2000 [8]. A hypercube network
of dimensionn contains up to 2n nodes and hasn edges per
node. If uniquen-bit binary addresses are assigned to the
nodes of hypercube, then an edge connects two nodes if and
only if their binary addresses differ in a single bit. Because
of its elegant topological properties and the ability to em-
ulate a wide variety of other frequently used networks, the
hypercube has been one of the most popular interconnection
networks for parallel computer/communication systems.

Several variations of the hypercube have been proposed
in the literature. Some variations focused on the reduction
of diameter of the hypercube, such as folded hypercube [1]
and crossed cube [2]; some focused on the reduction of the
number of edges of the hypercube, such as cube-connected
cycles [7] and reduced hypercube [10]; and some focused
on the both, like hierarchical cubic network [3]. Generally,
the variations of the hypercube that reduce the diameter, e.g.

crossed cube and hierarchical cube, will not satisfy the fol-
lowing key property in the hypercube: each node can be
represented by a unique binary number such that two nodes
are connected by an edge only if the two binary addresses
differ in one bit. This key property is at the core of many
algorithmic designs for efficient communications and com-
putations.

The hypercube has a major shortage, that is, the number
of edges per node in a system increases logarithmically as
the total number of nodes in the system increases. Since the
number of links is limited to eight per node with current IC
technology, the total number of nodes in a hypercube par-
allel computer is restricted to several hundreds. The moti-
vation of designing the dualcube as an interconnection net-
work is the following: it keeps most of topological proper-
ties of the hypercube including the key property mentioned
above, and can contain much more nodes than the hyper-
cube with the same node degree.

The dualcube is a new interconnection network that uses
hypercubes as basic components [5]. Each hypercube com-
ponent is referred to as acluster. Assume that the number of
nodes in a cluster is 2q. In a dualcube, there are twoclasses
with each class consisting of 2q clusters. The total number
of nodes is 2q×2q×2, or 22q+1. Therefore, the node ad-
dress has 2q+1 bits. The leftmost bit is used to indicate the
type of the class (class 0 and class 1). For the class 0, the
rightmostq bits are used as the node ID within the cluster
and the next (to the left)q bits are used as the cluster ID.
For the class 1, the rightmostq bits are used as the cluster
ID and the nextq bits are used as the node ID within the
cluster. Each node in a cluster of class 0 (1) has one and
only one extra connection to a node in a cluster of class 1
(0). These two node addresses differ only in the leftmost bit
position.

Design of efficient algorithms for basic communications
and computations is the key issue for any interconnection
network. In this paper, we show that one-to-all and all-to-
all communications, prefix computation and matrix multi-
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plication can be done efficiently on dualcube. The rest of
this paper is organized as follows. Section 2 describes the
dualcube structure and its topological properties. Section 3
describes the model of communication used in this paper
and the communication algorithms for one-to-all person-
alized communication and all-to-all broadcasting. Section
4 shows the algorithms for prefix computation and vector-
matrix multiplication. Section 5 shows the algorithm for
matrix-matrix multiplication. Section 6 concludes the pa-
per and presents some future research directions.

2. Dualcube Interconnection Network

An r-connected dualcubeFr is an undirected graph on
the node set{0,1}n, n = 2r−1, such that there is an edge
between two nodesu = (un−1 . . .u0) andv = (vn−1 . . .v0) in
Fr if and only if the following conditions are satisfied:

1. u andv differ exactly in one bit positioni for 0≤ i ≤
n−1.

2. if 0≤ i ≤ r−2 thenun−1 = vn−1 = 0.
3. if r−1≤ i ≤ n−2 thenun−1 = vn−1 = 1.

Intuitively, the set of the nodesu of form (0un−2 . . .ur−1∗
. . .∗), where∗ means “don’t care”, constitutes an(r −1)-
dimensional hypercube. We call these hypercubesclus-
ters of class 0. Similarly, the set of the nodesu of form
(1∗ . . . ∗ur−2 . . .u0) constitutes an(r −1)-dimensional hy-
percube, and we call them clusters of class 1. The edge
connects two nodes in two clusters of distinct class is called
cross-edge. In the other word,〈u,v〉 is a cross-edge if and
only if u andv differ at the leftmost bit position only.

Each node in anFr is identified by its unique(2r−1)-bit
binary address, ID. Each ID contains three parts:a, b, andc,
representing cluster ID ((r −1)-bit), node ID ((r −1)-bit),
and class ID (1-bit), respectively. The bit-position ofa and
b depends onc. if c = 0 (1) thenb (a) is the rightmostr−1
bits, anda (b) is the next (to the left)r−1 bits. The cluster
containing nodeu is denoted asCu. For any two nodesu
andv in Fr , Cu = Cv if and only if u andv are in the same
cluster.

Fig. 1 depicts anF3 network.c is shown at the top posi-
tion in the node address. For the nodes of class 0 (class 1),
b (a) is shown at the bottom, anda (b) is shown at the mid-
dle. Fig. 2 (F4) shows only those cross-edges connecting to
cluster 0 of class 1.

A topology is evaluated in terms of a number of param-
eters such as degree, diameter, bisection width, cost (de-
fined as the product of the degree and diameter), average
distance for any two nodes, regularity, symmetry etc. Exis-
tence of efficient algorithms for communications and com-
putations is also an important measure for evaluating net-
works. The dualcube network has a binary presentation of
nodes in which two nodes are connected by an edge only if
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Figure 1. The dualcube F 3

they differ in one bit position, just as in hypercube. This fea-
ture is the key for designing efficient routing and commu-
nication/computation algorithms on dualcube. Another im-
portant feature of the dualcube is that, within a given bound
on the number of links per node, sayr, the network can
have up to 22r−1 nodes, more than the hypercube or the hi-
erarchical cubes can have with the same bound on the node
degree. Table 1 summarizes the degree, diameter, cost, av-
erage node distance, and bisection width of the hypercube
and the dualcube, assuming that the two networks have the
same number of nodes which is 2n, wheren = 2r−1 is an
odd integer. The dualcube shows a significant gain in the
cost of the network.

We adopt the following notation throughout this paper.
The r neighbor nodes ofs, s(i), 0≤ i ≤ r −1, are denoted
as follows. Assumes is of class 0 ands = (0sn−2 . . .s0),
thens(i) = (0sn−2 . . .si+1aisi−1 . . .s0), where 0≤ i ≤ r −2,
and s(r−1) = (1sn−2 . . .s0). Assumes is of class 1 and
s = (1sn−2 . . .s0), then s(i) = (1sn−2 . . .sj+1a jsj−1 . . .s0),
wherer −1≤ j ≤ n− 2 andi = j − (r − 1), ands(r−1) =
(0sn−2 . . .s0).

3. Model and Algorithms for Communications
on Dualcube

An important metric used to evaluate efficiency of com-
munications iscommunication latencyor transmission time.
The transmission time depends on many factors such as
contentions, switching techniques, network topologies etc.
In this paper, we assume that the communication links are
bidirectional, that is, two directly-connected notes can send
messages each other simultaneously. Sending a message
containingmwords takests+mdtw, wherets is the message
startup time,d is the number of link traversed by the mes-
sage, andtw is the per-word transfer time. We also assume
that a node can send a message on only one of its links at a
time.
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Figure 2. The dualcube F 4

Table 1. Hypercube v.s. dualcube

Network Degree Diam. Cost Avg. distance Bisec. width # of edges

Hypercube n n n2 n/2 2n/2 2nn
Dualcube (n+1)/2 n+1 (n+1)2/2 n/2+1−1/2(n−1)/2 2n/4 2n(n+1)/2

The routing algorithm for the one-to-all personalized
communication in dualcube can be described as follows.
Initially, the source nodescontainsp= 22r−1 messages (in-
cluding a message for itself). First, nodes transfers half
of the messages tos′ = s(r−1) through the cross-edge, and
then,sands′ simultaneously send the messages to all nodes
in Cs andCs′ using binomial trees ofCs andCs′ with roots
s ands′, respectively. After each communication step, the
sizes of the messages to be sent are reduced by half. At the
end of this stage, the nodesu∈Cs\ {s} andu′ ∈Cs′ \ {s′}
have the messages for all nodes in clusterCv andCv′ , where
v = u(r−1) andv′ = (u′)(r−1). Second, nodesu andu′ send
the messages of size 2r−1 to v andv′ through their cross-
edges, respectively, and then,u, u′, v, andv′ send the mes-
sages to all nodes inCu, Cu′ , Cv, andCv′ through the bi-
nomial trees, respectively. This algorithm is referred to as
One2allP(Fr ,s,M) that will be used in the later sections,
wheres is the source node andM is the set ofp−1 mes-
sages of lengthm.

The time for the one-to-all personalized communication:
TOne2allP = T1 +T2 = rts+

r

∑
i=1

2r+i−2mtw + rts+
r

∑
i=1

2i−1mtw

= 2rts+(22r−1 +2r−1−1)mtw

= (1+ logp)ts+(p+
√

p/2−1)mtw.

The algorithm for all-to-all broadcast inFr is shown be-
low. It can be described in three steps. First, the broadcast
is done inside each cluster (hypercube). Second, each node
in a cluster of class 0 (1) sends the identical message to a
node in a cluster of class 1 (0), and then, the received mes-
sage is broadcasted inside the cluster. After this stage, each
node has messages from all other nodes except those in the
different clusters of the same class. Third, each node gets
the messages of the nodes in other clusters of the same class
from the neighbor through the cross-edge. The algorithm is
formally described below.

Algorithm 1 (All2allB(Fr ,Mx, result))

1.begin
/* Initially, each nodex holds messageMx. At the

end, resultcontains(p−1) messages from all
other nodes at the end. */

2. for processorx, 0≤ x< p, pardo
/* Stage 1: Broadcast inside the cluster. */

3. for i = 0 to r−2 do
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4. M′x = getMx(i) ;
5. Mx = Mx∪M′x;
6. endfor

/* Stage 2: Broadcast to the clusters of the
other class. */

7. M′x = getMx(r−1) ;
8. result= Mx; Mx = M′x; temp= M′x
9. for i = 0 to r−2 do

10. M′x =getMx(i) ;
11. Mx = Mx∪M′x;
12. endfor
13. result= result∪Mx; Mx = Mx \ temp;

/* Stage 3: Include the messages from other
clusters of the same class. */

14. M′x = getMx(r−1) ;
15. result= result∪M′x;
16. endfor
17.end.

Let T1, T2, andT3 are the times it takes to complete the
first, the second, and the third stages, respectively. Then we
have

T1 =
r−1

∑
i=1

(ts+2i−1mtw) = (r−1)ts+(2r−1−1)mtw.

T2 = ts+2r−1mtw +
r−1

∑
i=1

(ts+2r+i−2mtw) = rts+22r−2mtw.

T3 = ts+(22r−2−2r−1)mtw.

Therefore, the total time to complete the all-to-all broad-
cast is

TAll2allB = 2rts+(22r−1−1)mtw = (1+ logp)ts+(p−1)mtw.

The following many-to-many multicast inFr is used fre-
quently for designing computational schemes inFr . Ini-
tially, each nodex in the clusterC contains a messagemsgx.
After the multicast, each nodey in Fr with nodeID(x) =
nodeID(y) contains the messagemsgx. The routing scheme
is as follows. For convenience, assume clusterC is of class
0. First, we gather the messages in clusterC so that every
node inC contains∪x∈Cmsgx. Second, each nodex in C
sends message tox′ = x(r−1) through the cross-edge, and
then nodex′ calls one-to-all personalized communication
subroutine to distribute the received messages to every node
in Cx′ . Third, nodez in cluster of class 1 with nodeID(z) =
clusterID(z) broadcasts its message to all other nodes inCz,
and then, all nodes in clusters of class 0 except those inC
receive the broadcasted messages through the cross-edges.
The algorithm is formally described below.

Algorithm 2 (Many2manyM(Fr ,C,msgx))

1.begin
/* Initially, each nodex∈C holds messagemsgx.

At the end, each nodey∈ Fr with nodeID(x) =

nodeID(y) holds messagemsgx. */
/* Stage 1: Gather messages inside the cluster. */

2. for nodex∈C pardo
3. for i = 0 to r−2 do
4. temp= getmsgx(i) ;
5. msgx = msgx∪ temp;
6. endfor
7. endfor

/* Stage 2: Send messages to the clusters of the
other class. */

8. for nodey, y(r−1) ∈C pardo
9. msgy = getmsgy(r−1) ;

10. call One2allP(Cy,y,msgy);
11. endfor

/* Stage 3: Send messages to the other clusters
of the same class. */

12. for nodez with nodeID(z) = clusterID(z) and
classID(z) 6= classID(C) pardo

13. msg′z = msgz;
14. call One2allB(Cz,z,msg′z);
15. endfor
16. for nodex /∈C and classID(x) = classID(C)

pardo
17. msgx = getmsg′

x(r−1) ;
18. endfor
19.end.

The time for many-to-many multicast is
TMany2manyM= 2(r−1)ts+2(2r−1−1)mtw+

ts+2r−1mtw +(r−1)(ts+mtw)+ ts+mt
= (3r−3)ts+(3×2r−1 + r−2)mtw.

The following subroutines [6] that find the sum and the
prefix of the datumdatax in each nodex of a clusterC,
respectively, will be used in the later sections.

Algorithm 3 (ClusterSum(C, r−1,datax,sum))

1.begin
2. for nodex, x∈C pardo
3. sum= datax;
4. for i = 0 to r−2 do
5. temp= getsumx(i) ;
6. sumx = sumx + temp;
7. endfor
8. endfor
9.end.

Algorithm 4 (ClusterPrefix(C, r−1,datax, p fx))

1.begin
2. for each nodex, x∈C pardo
3. p f = datax;
4. for i = 0 to r−2 do
5. temp= get p fx(i) ;
6. if x> x(i) then p fx = p fx + temp;
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7. endfor
8. endfor
9.end.

4. Parallel Prefix Computation and Vector-
Matrix Multiplication

In this section, we first give an algorithm for parallel pre-
fix computation. Assume that each processor (node)x holds
a datumdatax. After prefix computation, each processorx
will hold p fx = ∑y≤x datay. The algorithm for the parallel
prefix computation is similar to that of the all-to-all broad-
cast described in the previous section. The algorithm is de-
scribed below.

Algorithm 5 (DualPrefix(Fr ,datax, p fx))

1.begin
/* Stage 1: Local prefix computation inside the

cluster. */
2. for each clusterC pardo
3. call ClusterSum(C, r−1,datax,sum);
4. call ClusterPrefix(C, r−1,datax, p fx);
5. endfor

/* Stage 2: Includesumfrom clusters of the other
class. */

6. for each clusterC pardo
7. call ClusterSum(C, r−1,datax,sum);
8. call ClusterPrefix(C, r−1,datax, p fx);
9. endfor

/* Stage 3: Includesum from other clusters of
the same class. */

10. for processorx, 0≤ x< p pardo
11. temp= getsumx(r−1) ;
12. if x> x(i) then p fx = p fx + temp;
13. endfor
14.end.

For vector-matrix multiplicationw= vM, we assume that
the length of vector|v| = 2r−1, and the size of matrixM is
2r × 2r−1. The case that|v| = 2r andM is 2r × 2r can be
handled sequentially, by calling the algorithm twice and the
computational time is doubled.

Assume that processor 0 holds matrixM and vectorv ini-
tially. First, the algorithm uses the one-to-all personalized
communication algorithm to distribute the elements ofM to
every node inFr such that each cluster holds one column
of matrix M. Vector v is first distributed to every node in
the cluster with cluster ID= 0 such that nodex contains
v[x]. Thenv[x], 0 ≤ x < 2r−1 is broadcasted to all other
nodes with the same node ID inFr . Second, the algorithm
performs one scalar multiplication and then processors with
node ID= 0 gathers the sum of the products on each cluster.
The algorithm is formally presented as follows.

Algorithm 6 (VectorMatrixMultiplication(v,A,w))

1.begin
/* Stage 1: Broadcast vectorx and matrixA. */

2. call One2allP(Fr ,s,A);
/* Processorx holdsAx = A[i, j], i = nodeID[x]

and j = classID[x] cat clusterID[x]. */
3. call One2allP(Hr−1,s,v);

/* Processorx∈Cs holdsvx = v[i], i = nodeID[x]*/
4. call Many2manyM(Fr ,Cs,v);

/* Stage 2: Computew */
5. for processorx, 0≤ x< p pardo
6. wx = Ax ∗vx;
7. for i = 0 to r−2 do
8. temp= getwx(i) ;
9. wx = wx + temp;

10. endfor
11. endfor
12.end.

The above algorithm for the vector-matrix multiplication
can be used in pipelined fashion to do the matrix multipli-
cationC = AB, whereA, B, andC arem×m matrices. If
m= 2r then the algorithm is called 2m times to get product
matrix C. In the next section, we show a faster algorithm
for the matrix multiplication inFr .

5 Parallel Matrix Multiplication

Matrix multiplication can be done efficiently in hyper-
cube [6]. In this section, we show that the matrix multipli-
cation can be done efficiently in dualcube also.

5.1 Address Assignment

Consider the problem of multiplyingm×m matricesA
and B on an r-dualcube to obtain the product matrixC,
wherem = 2(2r−1)/3 and p = m3 = 22r−1 processors are
used. Note that (2r −1) is assumed to be a multiple of 3.
Each processor has three registersRA, RB, andRC. For the
sake of algorithm description, it is convenient to label the
dualcube processors by three indicesi, j, k, where each in-
dex is a ((2r−1)/3)-bit binary number.

Recall that the address of ther-dualcube consists of three
fieldsc, a, andb, wherec is 1-bit class indicator,a is (r−1)-
bit cluster number, andb is (r − 1)-bit processor number
within a cluster. If a processor is of class 0, its address will
becab, otherwisecba. There are 2r clusters and each cluster
has 2r−1 processors. Because a cluster is an (r−1)-cube, it
is convenient to let them terms which are summed to form
an element ofC be located within a cluster. We equally
distributem×m elements of a matrix into 2r clusters, each
cluster holdsm2/2r = 2(r−2)/3 elements. The assignment of
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indicesi, j, k is shown in Fig. 3. The indexk is the lower
((2r −1)/3) bits of the processor numberb in a cluster, j
is the lower ((2r−1)/3) bits of the cluster numbera, andi
is the rest bits which consists of 1-bit class indicatorc, the
higher ((r−2)/3) bits ofa, and the higher ((r−2)/3) bits
of b.

5.2 Multiplication Algorithm

Initially, Processor(i, j,0) holdsAi j andBi j in its RA and
RB registers, respectively. All other processor registers are
initialized to 0. At the end of computation, RegisterRC of
Processor(i, j,0) will hold elementCi j of the product matrix
C. The algorithm performs allm3 multiplications needed for
multiplying twom×mmatrices concurrently, one in each of
them3 processors. The remainder of the process is to ensure
that each processor holds the two elements ofA andB that
it multiplies and to add the requisite terms that form each
elementCi j of the result matrix. The algorithm of multiply-
ing m×mmatrices on anr-dualcube, with 2r−1 = 3log2m
is listed below, whereNl

h(x) denotes a processor address
formed by inverting bitl of h of x for h = i, j, or k.

Algorithm 7 (MatrixMatrixMultiplication(A,B,m))

1.begin
2. for l = 0 to (2r−1)/3−1 Processorx = i jk,

0≤ i, j,k<m, do /* first “for” loop */
3. if bit l of k is 1
4. gety = RA[Nl

k(x)]; z= RB[Nl
k(x)]

5. setRA[x] = y; RB[x] = z
6. endif
7. endfor
8. for l = 0 to (2r−1)/3−1 Processorx = i jk,

0≤ i, j,k<m, do /* second “for” loop */

9. if bit l of k and j are different
10. gety = RA[Nl

j(x)]
11. setRA[x] = y
12. endif
13. endfor
14. for l = 0 to (2r−1)/3−1 Processorx = i jk,

0≤ i, j,k<m, do /* third “for” loop */
15. if bit l of k andi are different
16. gety = RB[Nl

i (x)]
17. setRB[x] = y
18. endif
19. endfor
20. Processorx, 0≤ x< p, pardo RC = RA×RB

21. for l = 0 to (2r−1)/3−1 Processorx = i jk,
0≤ i, j,k<m, do /* fourth “for” loop */

22. if bit l of k is 0
23. gety = RC[Nl

k(x)]
24. setRC[x] = RC[x]+ y;
25. endif
26. endfor
27.end.

The first “for” loop copies the elements ofA and
B into all other processors within clusters. Because
Processor(i, j,0) holdsAi j andBi j , we start from the least
significant bit to do the recursive doubling copies, it re-
quires O(r) communication steps. The second and the third
“for” loops copy the elements ofA andB, respectively, into
all other processors in the different clusters. These two
loops require many-to-many personalized communications
among clusters, we will describe it in the next subsection.
The final “for” loop, after the multiplications, computes the
sum of them terms that form each of the elements ofC,
again using recursive doubling scheme within clusters.

An example for multiplying two 2×2 matrices on a 2-
dualcube is shown in Fig. 4. For this example,(2r−1)/3 =
1, so each of “for” loops degenerates into a single commu-
nication step. In the first “for” loop, processors with pro-
cessor numberb = 1 (i.e., Processor 1, 3, 6, and 7) receive
and storeRA andRB values from their neighborsN0

k (x) (i.e.,
from Processor 0, 2, 4, and 5). In the second “for” loop,
Processors 1, 2, 5, and 6, i.e., those with differentj andk
components in their node labels, receive and storeRA values
from N0

j (x) (i.e., from Processor 3, 0, 4, and 7). The third
“for” loop updates theRB values in those processors whose
node labels have differenti andk components (i.e., Proces-
sor 1, 3, 4, and 5 receive values fromN0

i (x): Processor 6, 7,
0, and 2). At this point, data distribution is complete. The
eight processors then independently multiply theirRA and
RB values, storing the results inRC. The final “for” loop
adds its value and the value from neighborN0

k (x) to obtain
elements of the result matrixC in Processors 0, 2, 4, and 5.
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A =
[

1 2
3 4

]

B =
[

5 6
7 8

]

Processors Init 1st 2nd 3rd Mul 4th
c a b Lab RA,RB RA,RB RA,RB RA,RB RC RC

0 0 0 000 1, 5 1, 5 1, 5 1, 5 5 19
0 0 1 001 0, 0 1, 5 2, 5 2, 7 14
0 1 0 010 2, 6 2, 6 1, 6 1, 6 6 22
0 1 1 011 0, 0 2, 6 2, 6 2, 8 16
1 0 0 100 3, 7 3, 7 3, 7 3, 5 15 43
1 0 1 110 0, 0 3, 7 4, 7 4, 7 28
1 1 0 101 4, 8 4, 8 3, 8 3, 6 18 50
1 1 1 111 0, 0 4, 8 4, 8 4, 8 32

Figure 4. Two 2×2 matrices multiplication

5.3 Data Transfer

In the algorithm described above, the second and third
“for” loops copy the elements ofA andB, respectively, into
all other processors in different clusters that need them to
perform them3 parallel multiplications. Processor(i, j,k)
needs copyingRA (or RB) value from a source processor if
and only if there is a bit positionl where thej (or i) and
k components are different. The source address ofRA (or
RB) is determined by inverting the value ofl bit position of
j (or i). As mentioned early, If a processor is of class 0, its
address will becab, otherwisecba.

For example, in the 5-dualcube, processor 001010011
(c = 0,a = 0101,b = 0011, i = 000, j = 101, andk = 011)
copiesRB from processor 011010011 (i = 010, j = 101,
and k = 011) because the components ofi and k in the
bit position 1 are different, and copiesRA from proces-
sor 000010011. The second example is that processor
001010100 (c = 0,a = 0101,b = 0100, i = 000, j = 101,
andk= 100) copiesRB from processor 101000101 (i = 100,
j = 101, andk = 100) because the components ofi andk in
the bit position 2 are different, and copiesRB from proces-
sor 001000100. Note that the source processor addresses
for copyingRB in the first and second examples have for-
matscabandcba, respectively.

It is clear that when a processor copiesRA value from a
source processor, there is one and only one bit positionl in
cluster numbera where the components of the source and
destination addresses are different. Consequently, it always
takes three communication steps to finish the data trans-
mission. In the first step, the source processor sends data
through its cross-edge to a processor of the different class.
Then that processor sends the data to the neighborNl

j(x).
In the last step, the data will arrive destination processor
through the cross-edge. Such communication uses an extra
cluster of the different class because there is no direct link

between the source and destination clusters.
CopyingRB value is more complex because the binary

bit of index i may appear in all the address numbersc, a,
andb. In the first example mentioned above, the source and
destination processors are located in different clusters of the
same class, but the bit positionl is in a, so it is the same as
the case of copyingRA. The route of the first example will
be 011010011→ 111010011→ 101010011→ 001010011.

In the second example, the source and destination pro-
cessors are of different classes, there is a direct link between
the source and destination clusters. But there are 2r−2 words
in the different processors of the source cluster which need
to be transferred to the different processors of the destina-
tion clusters. We use the following strategy to route these
words. First, we let each word go through the cross-edge
and route the word within the cluster to a processor so that
the processors’b value will match the destination proces-
sors’ b value. Then we let the word go through the cross-
edge again and route within the cluster to a processor so
that the processors’b value will match the destination pro-
cessors’a value. Finally we let the word go through the
cross-edge to reach the destination processor. The route of
the second example will be 101000101→ 001000101→
001000100→ 101000100→ 101010100→ 001010100.
Fig. 5 shows the data transmission for preparing the data
for the cluster 0 of class 0 in a 5-dualcube. In the figure,
only the source addresses of second and third “for” loops
are listed.

Generally, Ifl appears inb, the data can be obtained from
a neighbor processor within the cluster. Ifl appears ina,
the data comes from a processor in a different cluster of the
same class. The routing from source processor to destina-
tion processor can be done by going through the source pro-
cessors’ cross-edge, then routing in the cluster one time, and
finally going through the cross-edge to reach the destination
processor. It takes three communication steps. Ifl appears
in c, the data comes from a processor of the different class.
The routing from source processor to destination processor
can be done by going through the cross-edge and routing
in the cluster twice, and going through the cross-edge to
reach the destination processor. The longest distance will
be 2r +1.

Now, we analyze the transmission time for the matrix
multiplication on both the dualcube and hypercube. Note
that the computation times on both the dualcube and hyper-
cube are the same. The total time for the communications
on hypercube is

Thypercube= [(ts+2tw)+3(ts+ tw)](2r−1)/3 =

(4ts+5tw)(2r−1)/3

For the communications on the dualcube, the time for the
first and the fourth “for” loops is

T1,4 = (2ts+3tw)(2r−1)/3
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Processor Init 1st 2nd 3rd Source forRA (2nd “for” loop) Source forRB (3rd “for” loop)
Labels RA,RB RA,RB RA,RB RA,RB l = 0 l = 1 l = 2 l = 0 l = 1 l = 2

000000000 1, 65 1, 65 1, 65 1, 65
000000001 0, 0 1, 65 2, 65 2, 73 000010001 000001001
000000010 0, 0 1, 65 3, 65 3, 81 000100010 010000010
000000011 0, 0 1, 65 4, 65 4, 89 000010011 000100011 000001011 010000011
000000100 0, 0 1, 65 5, 65 5, 97 001000100 101000000
000000101 0, 0 1, 65 6, 65 6, 105 000010101 001000101 000001101 101010000
000000110 0, 0 1, 65 7, 65 7, 113 000100110 001000110 010000110 101100000
000000111 0, 0 1, 65 8, 65 8, 121 000010111 000100111 001000111000001111 010000111 101110000
000001000 9, 73 9, 73 9, 73 9, 65 000000000
000001001 0, 0 9, 73 10, 73 10, 73000011001
000001010 0, 0 9, 73 11, 73 11, 81 000101010 000000010 010001010
000001011 0, 0 9, 73 12, 73 12, 89000011011 000101011 010001011
000001100 0, 0 9, 73 13, 73 13, 97 001001100 000000100 111000000
000001101 0, 0 9, 73 14, 73 14, 105000011101 001001101 111010000
000001110 0, 0 9, 73 15, 73 15, 113 000101110 001001110 000000110 010001110 111100000
000001111 0, 0 9, 73 16, 73 16, 121000011111 000101111 001001111 010001111 111110000

Figure 5. Data transfer for two 8×8 matrices multiplication

For the second and third “for” loops, the times can be
evaluated as following. The timesTb, Ta, andTc for the
cases thatl appears inb, a, andc, respectively, are

Tb = (ts+ tw)(r−2)/3

Ta = (ts+3tw)(r−1)

Tc = ts+(2r +1)tw

The total time for the communications is

Tdualcube= T1,4 +Tb +Ta +Tc = (4ts+11tw)(2r−1)/3

6. Conclusion and Future Work

In this paper, we proposed efficient algorithms for com-
munication and some numerical computations on dualcube.
The results of this paper show that the dualcube is very
promising: the efficiencies of the algorithms for collec-
tive communication and matrix multiplication are almost
the same as hypercube with a small extra overhead for rout-
ing the data around. Since the dualcube with eight links
per node can contain more than thirty-two thousands nodes,
it is a good candidate as an interconnection network of
the high-performance computer clusters of the next genera-
tion. Some directions concerning dualcube which are worth
of further research are: embedding other frequently used
topologies into dualcube, mapping application algorithms
onto dualcube, and investigating the fault-tolerant proper-
ties of dualcube with faulty nodes and/or faulty links.
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